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Chaos 1n a Single Op-Amp—-Based Jerk Circuit:
Experiments and Simulations

Robert Tchitnga, Tekou Nguazon, Patrick H. Louodop Fotso, and Jason A. C. Gallas

Abstract—We report a five-component autonomous chaotic os-
cillator of jerky type, hitherto the simplest of its kind, using only
one operational amplifier. The key component of the circuit is a
junction field-effect transistor operating in its triode region, which
provides a nonlinear resistor of antisymmetrical current—voltage
characteristic, emulating a Colpitts-like chaotic circuit. We de-
scribe the experimental results illustrating the dynamical behavior
of the circuit. In addition, we report numerical simulations of
a model of the circuit which display good agreement with our
measurements.

Index Terms—Bifurcations, jerk oscillator, junction field-effect
transistor (JFET), piecewise (PW) nonlinearity (NLT), simplest
chaotic circuit.

I. INTRODUCTION

HE quest for the “simplest” system of ordinary differential

equations for chaos [1]-[5], the “simplest” chaotic jerk
function [5]-[10], and the “simplest” chaotic nonautonomous
[11]-[14] as well as autonomous circuits [15]-[26] has been
keeping several workers busy during the last four decades. In
the meantime, records have been established or beaten, so that
Piper and Sprott [27] believe that there has not yet been a deci-
sive winner. To avoid misunderstanding the notion of simplicity,
these authors proposed three forms of it: 1) the mathematical
simplicity, for which the equations with less terms and less
complicated nonlinearities (NLTs) are considered and can be
numerically simulated; 2) the simplicity in the circuitry, for
which a simple circuit should minimize both the number of
physical components and that of idealized elements employed
in the model; and, finally, 3) the simplicity from a practical
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standpoint, where robust stand-alone like autonomous circuits
can be constructed using the most common components [27].
The aforementioned criteria for the “simplest” chaotic circuit
do not include the one mentioned in [17], which is related to
the number of locally active elements in the considered circuit.
It appears that it is generally difficult to reconcile the first
and second forms of simplicity. The commonly observed ten-
dency is that very simple circuits are usually described with
relative complex equations and vice versa [29]. In the long-
term challenge to find the simplest jerk function and its corre-
sponding simplest circuit, the authors of [27] have succeeded
to an impressive extent. Although jerk functions may offer
simpler notations, when they do exist for given circuits [6], [27],
certain NLTs found in the simplest systems that can be studied
mathematically are rather very difficult (or even impossible) to
be implemented physically, like the cubic NLTs [30], compared
to the piecewise (PW) ones [9], yet one particular result in the
literature review has highly captivated our attention, namely

T =y, Y =2z, Z=—mz+y?— . @))
This jerk system is Sprott’s answer to the first simplicity crite-
rion mentioned previously [9]. It stands also as the simplest of
its class, with just five terms among which one quadratic NLT
and one parameter m are for chaos [8]. This record still stands,
as it has been confirmed by rigorous demonstrations from Fu
and Heidel [31], that no simpler case can exist.

Now, for the simplest circuits, let us consider the challenge
solely for autonomous ones. In this case, circuits from five up to
two components have already been found [15]-[21]. However,
essentially all of them require idealized components like op-
erational amplifiers (Op-Amps), except for one of them [20].
In electrical engineering, nonidealized and common analog
electronic elements are known to be solely resistors, capacitors,
inductors, diodes, transistors, and transformers. The long-time
predicted and recently discovered memristor [32], [33] be-
longs naturally also to this category. However, in the literature
[17]-{19], it is realized experimentally through analog model-
ing of its mathematical equations, making it an idealized single
component at the actual standpoint of the technology. Although
physical ideal [34] memristors [35], [36] and nonideal [34]
memristors [37]-[39] were shown to exist, there still does not
exist a circuit that is capable of generating chaos using physical
memristors.

The present letter which deals with an oscillator belonging
to the category of the so-called simple autonomous chaotic
circuits was suggested by a remark from Pham et al. con-
cerning a recent article by some of us [20] in the following
words [19]: “.. .the authors have named it the simplest chaotic
two-component circuit. However, it is notable that, when the
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Fig. 1. Schematic representation of the jerky oscillator. The nonlinear
element is made of a JFET with the gate (G) and the source (S) electrodes
short-circuited.

Tchitnga’s circuit is analyzed in terms of the concept of mathe-
matical simplicity . . ., it is not really simple because of its four
state equations.”

Here, we introduce a robust stand-alone five-component cir-
cuit of jerky type using a single Op-Amp as a unique idealized
element. Its dynamics is described by three state equations
having six terms, the same number as that by Piper and Sprott
before the simplifying condition to reduce their number to
five [27]. Moreover, two from our six terms are made of the
same PW nonlinear (NL) term. Before proceeding, we wish
to point out two practical purposes for pursuing the simplest
possible chaos-generating circuit. First is the didactic purpose
of performing simple laboratory experiments, using affordable
components, for students learning about chaos. Second, there is
a significant theoretical interest in studying the control parame-
ter space of such circuits because they often contain unexpected
new structures like periodicity hubs and their associated infinite
spirals of stability [28] which induce wide domains of regularity
in control space. Currently, there is no theoretical framework to
anticipate such structures.

II. NEW JERK CIRCUIT AND ITS MODEL

Consider the phase variable F' = [z,y, z]T. The nondimen-
sional dynamical flow

0 0 0 1
dF

—=10 0 —a|Ftlalely) @

-8 B =By 0

with three parameters «, 3, and v and the PW NL term
-y if y<1

= 3
#ly) {—1 ity > 1. ©)

These equations govern the circuit depicted by Fig. 1: an
oscillator with one Op-Amp, one junction field-effect transistor

(JFET), two capacitors C7 and Cs, and one coil L with internal
resistance R.

Let us consider R; ~ 750 (2 to be the JFET small signal re-
sistance and Vr =~ —0.66 V to be the JFET gate—source voltage
[40]. An appropriate choice of parameters, namely, o = C4/
Co, B=R%Cy/L,andy = R/Ry,as wellas I = Vrp(y)/Ry,
Vo, = 2Vp, Vo, = yVip, I, = 2Vp /Ry, and t = R;Ch7, 1e-
veals the state equations of the circuit, obtained through appli-
cation of Kirchhoff’s laws

CiVe, =1
CoVe, =1 —1p,
LI =—Ve, — Ve, + RIL). 4)

The necessary NLT in the system for chaos is made of the PW
linear form of the JFET current—voltage characteristic

;] {—Vck it —Ve, > Vr

L 5
Ry \Vr  if —Vo < Vr. ©

Voo, k=1,2, is the voltage difference at the electrodes of
capacitor C}, and I, is the current flowing through the coil L.

With some mathematical manipulations, it can be shown that
(2) can be transformed into the jerk form

= —a [%y — B+ Bro) - Bolw)| . (©)

Put in its PW linear form as

g = _ J@F B+ af(l+7)g+ aby
BYij + apy + af

Equation (7) can be used to perform exact analytical works.
Surprisingly, apart some coefficients, (6) is comparable to

ify <1
R
ify > 1.

= —p Bx + h(z)(a — b)i + h(z) + bh(z)|  (8)

considered by Sprott and Linz [9] as the jerk form modeling
Chua’s circuit with h(x) as its NL function. However, while
in Chua’s circuit this three-segment PW NL function is imple-
mented using eight components, here it is realized with just one
simple component.

It is worth mentioning that the NLT described by (3) can be
replaced by a diode function type known as the min-function, if
defined using the reference value “1” as

¢(y) = —min(y, 1). )

The single graphical representation for both NLTs (see Fig. 2)
confirms our observation.

III. EQUILIBRIUM POINTS AND BIFURCATIONS

The equilibrium points are solutions of the equation

F=0. (10)

Calling (z*,y*, z*) as the solutions of (10), according to (3),
two distinct possibilities do exist.

If y > 1, then, according to the first relations in (3) and (10),
respectively, ¢(y*) = —1 = 0, which is impossible. Thus, for
y > 1, there is no equilibrium point.

On the other hand, if y < 1, then ¢(y*) = —y* = 0, and the
equilibrium point is therefore P = (z* = 0,y* = 0,2* = 0).
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Fig. 2. Common graphical representation of the NLT ¢(y) both in its PW
form like in (3) and as min-function (9). Its implementation involves a single
JFET. A representation using a five-component circuit, among which one
Op-Amp, is presented by Hudgins et al. [41] citing [42]. A Zener diode could
also play such a role, provided that the dimensionless current flowing through
it behaves like the Zener voltage in such a way that the avalanche effect starts
at the corresponding reference value “1.”
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Fig. 3. (a) Bifurcation diagrams displaying the maximum value of y as a
function of . (b) Corresponding Lyapunov exponent for z(0) = 0.1, y(0) =
—5x 1077, 2(0) = —1, @ = 0.025, and 8 = 0.765.

The corresponding Jacobian matrix is

0 -1 0
M=0 -a -« (11)
-8 B =By

Its eigenvalues are solutions of the characteristic polynomial (in
A) of the linearization at P, namely

N4 (o + BN+ aB(l +7)A +af = 0.

If we consider the solution of (12) to be of the form of A = Jw,
where 12 = —1 and w is the natural frequency of the system,

12)

T x10°

Fig. 4. Intermittency observed in the time evolution of y when o = 0.0157g,
B = 0.379, and v = 0.0685370.
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Fig. 5. (a) Bifurcation diagrams resulting from the plot of the maximum value
of y when /79 varies. (b) Corresponding Lyapunov exponent for the same
initial conditions as in Fig. 3 for o = 0.01579 and 8 = 0.379. Here, abrupt
crossings from chaos to periodic motions are remarkably clear.

then the following conditions for self-starting are obtained:

_oB
o+ By
Cl(R + RJ)(L + RRJCQ) =LC3R;.

Using the general form of the solutions to (12), namely A =
a + Ib, and solving them, we obtain the following system of
equations as solutions:

a® + (a4 By)a® + af(l + y)a+ af = (3a + a + )b’
(3a® +2(a + By)a — b* + af) b =0.

For b = 0, the solution, e.g., Ag, is real, while for b # 0, a
complex pole-pair solution exists, e.g., A1 2. For oo = 0.025,
B = 0.765, and v = 0.0875, corresponding to chaos in the sys-
tem, the three solutions are found to be A\g = —0.2727557, sit-
uated at the left half s-plane (LHP) and A; » = 0.09040914 +
248885221 on the RHP. This shows that the oscillator is
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Fig. 6. Comparisons of peak-doubling transition to chaos in the jerk circuit. (Top row) MATLAB-simulated attractors displaying successive peak values and
chaos according to the parameter values in the text. (Middle row) PSpice attractors displaying the correspondences to the top row. (Bottom row) Experimental

counterpart attractors measured at X: 0.5 V/div and Y: 1 V/div.

self-starting. The equilibrium point P is unstable and corre-
sponds to a spiral saddle index 2 [43].

If two of the three possible control parameters of the system
are maintained constant, e.g., at « = 0.025 and 5 = 0.765, then
by varying -, the third parameter, the system displays various
bifurcation states on its route to chaos. While the period varies
continuously, we observe a peak-doubling scenario leading to
chaos. More explicitly, one peak, two peaks, and four peaks
are observed for v = 0.1705, v = 0.14, and v = 0.124 before
the system falls into chaos for v = 0.085. The bifurcation
diagram in Fig. 3(a) illustrates this unfolding for the y variable.
This scenario is corroborated by plotting the largest Lyapunov
exponent as shown in Fig. 3(b).

Intermittencies in the time domain, which can be seen as
frequency packages distinguishable in Fig. 4, are also observed
for the example of the variable y, as well as interior crisis
in Fig. 5, which are abrupt crossings from chaos to periodic
motions and vice versa.

To make it more visible, we have induced a proportional
expansion of the abscissa axis using an arbitrarily chosen coef-
ficient, the golden number 75 = (1/2)(1 + v/5), to multiply the
control parameter. In a mathematical analysis of intermittency
in the behavior of major indices near an economic crash, this
same technique has previously been used by Ferraro et al. [44]
to render the temporal steps discrete using an index evolution.

IV. EXPERIMENTAL EVIDENCE

The numerical simulation of (2) produces the attractors
shown at the top row of Fig. 6, obtained for o = 0.025 and

B =0.765, and z(0) = 0.1, y(0) = =5 x 1077, and 2(0) =
—1. Here, an additional evidence of the peak-doubling route to
chaos is confirmed through one-peak, two-peak, and four-peak
oscillations and chaos (first row) for v = 0.1705, v = 0.14,
v = 0.124, and v = 0.085, respectively.

For comparison, a PSpice schematic using an Op-Amp of
type TLO72/301/TT biased at +11 V and a JFET J201 has
revealed that, for C; = 10 nF, Cy = 47.4 nF, and (L, R) =
(0.8 mH, 10 2), the circuit oscillates chaotically. The peak-
doubling evolution to chaos is shown at the middle row of Fig. 6
and corresponds to R = 35 € for one peak, R = 21 () for two
peaks, R = 18.5 €2 for four peaks, and R = 10 2 for chaos.

The laboratory experimental setup was done using the same
component types and values as those with PSpice, except for
the coil whose physical characteristics were (0.8 mH and 0.2 ()
for chaos. An external potentiometer had to be inserted in series
with the coil to serve as control parameter. Chaos was still ob-
served when the total serial resistance was in the range 0.2 Q2 <
R < 1.2 Q. However, for periodic motions, higher values of R
were needed. Thus, the total value R = 60.2 €2 led to one peak,
R =10.2 Q to two peaks, and R = 8.2 Q to four peaks (bottom
row). These results confirm that the new oscillator presented in
Fig. 1 is a robust stand-alone circuit.

Slight differences do exist between the PSpice attractors and
the experimental ones. To the best of our knowledge, this can
be explained by the fact that, experimentally, we measured
the voltage at one end of any capacitor in relation to ground
voltage, while with PSpice, it is the effective voltage difference
at the two electrodes of any capacitor that is measured. On the
other hand, real components include defects that are not always
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considered in the PSpice simulations. The comparison pre-
sented in Fig. 6 illustrates the good agreement between the three
methods.

V. CONCLUSION

The challenge for finding the simplest systems and simplest
circuits displaying chaos seems to involve an invariant: the
simplest equations rarely correspond to the simplest circuits and
vice versa. They seem to evolve in opposite directions. Piper
and Sprott [27] have brought out a model matching a simple
system with a simple circuit. In the same sense, we have pro-
posed here a simple system, whose jerk function, although a bit
complicated, resembles that of Chua’s circuit aside from some
parameters and has the sensible advantage to be governed by a
PW linear equation that can be used to perform exact analytical
works. Our circuit is nevertheless a remarkable jerk circuit,
since it is based on a single Op-Amp as the only idealized
component and carries a minimal number of five components,
that is to say two components less than in the circuit of [27]. The
numerical results presented match well the PSpice simulations
of our laboratory experiment using real components.
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