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We show that several orbital equations and orbital clusters of the quadratic (logistic) map

coincide surprisingly with cyclotomic period equations, polynomials whose roots are Gaussian
periods. An analytical expression for the ¯eld discriminant of period equations is obtained and

applied to discover and to ¯ll gaps in number ¯eld databases constructed by numerical search

processes. Such expression allows easy assess to inessential divisors of conventional dis-

criminants and sheds light into why numerical construction of databases is a hard problem.
It also provides signi¯cant information about the organization of periodic orbits of the

quadratic map.
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1. Introduction

It was recently discovered that, in the partition generating limit of the celebrated

quadratic (logistic) map xtþ1 ¼ 2� x2
t , the familiar pair of period-3 equations of

motion for trajectories in phase space can be extracted in a surprisingly double

manner from either one of the following orbital carriers1:

’1ðxÞ ¼ ’1ðx;�Þ ¼ x3 � � x2 � ð�2 � 2�þ 3Þxþ �3 � 2�2 þ 3�� 1;

’2ðxÞ ¼ ’2ðx;�Þ ¼ x3 � ð1� �Þx2 � ð�2 þ 2Þ x� �3 þ �2 � 2�þ 1:

From them, choosing either � ¼ 0 or � ¼ 1, one obtains the following period-3 orbits:

�ðxÞ ¼ ’1ðx; 0Þ ¼ ’2ðx; 1Þ ¼ x3 � 3x� 1; ��ðxÞ ¼ 92; ð1Þ
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�ðxÞ ¼ ’1ðx; 1Þ ¼ ’2ðx; 0Þ ¼ x3 � x2 � 2xþ 1; ��ðxÞ ¼ 72: ð2Þ
Clearly, such observable macroscopic orbits of the quadratic map are obtained as

independent \projections" from degenerate nonobservable microscopic carriers,

either ’1ðxÞ or ’2ðxÞ. Thus, rather than independent orbits, �ðxÞ and �ðxÞ are

seen to emerge as a dual pair of conjugated orbits. So, in classical dynamics,

multiple microscopic carriers de¯ne a structural framework, or skeleton, for the

orbits observed macroscopically in phase space, a mind-boggling fact. For details,

see Ref. 1.

While working to determine orbital carriers for period-5 motions, we realized

that the orbit �ðxÞ in Eq. (2) is one of the so-called period equations (de¯ned in

Sec. 2), which are the key players introduced in 1801 by Gauss to solve algebraically

(i.e. by ¯nite chains of radicals) the cyclotomic equations.2–5 The orbit �ðxÞ has the
lowest possible discriminant for cyclic cubics, namely ��ðxÞ ¼ 72. Its dual orbit,

�ðxÞ, has the second smallest discriminant, viz. ��ðxÞ ¼ 92. These remarkable facts

sparked our interest in period equations. After computing many such equations, we

found that they indeed coincide with several orbital equations and clusters of pe-

riodic trajectories of the quadratic map. This unexpected coincidence makes period

equations an object of interest in the investigation of the dynamics of classical

systems.

The purpose of this paper is to present a number of properties discovered for

families of period equations. A key ¯nding explored here in several applications

boils down to Eq. (9), an exact expression for the ¯eld discriminant of period

equations. Such expression re°ects the fact, observed in our extensive computa-

tions, that ¯eld discriminants of period equations were found to be invariably

given by powers of single prime numbers, associated in a simple manner with the

equations.

Our motivation is related to applications in physics and, accordingly, we study

equations with transitive cyclic groups, generically labeled as mT1, m > 1. Details

concerning such applications may be found, e.g. in Refs. 1 and 6 and references

therein. An additional long-term and more ambitious goal is to search for a sys-

tematic way to interconnect arithmetical families of equations of motion involved in

period-doubling cascades of the map, forming towers of equations-within-equations

of ever growing degrees.

In the remainder, we start by presenting brie°y the context and a few concepts

needed to understand and to de¯ne Eq. (9). Then, we show Eq. (9) to be an expe-

ditious tool for the computation of the so-called inessential discriminant divisors,7,8

factors of the conventional discriminant of equations of motion. Finally, we present

tables and several explicit expressions for period equations and periodic orbits for

relatively high periods of the quadratic map. Our tables provide a good feeling for the

distribution and growth of the corresponding ¯eld discriminants. To start, one ¯rst

needs to come to grips with period equations.
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2. What are Period Equations?

Period equations are auxiliary polynomials with integer coe±cients introduced by

Gauss in his book Disquisitiones Arithmeticæ,2 in the quest to solve cyclotomic

equations with (¯nite chains of) radicals, i.e. to solve equations for the division of the

perimeter of a circle into a given number of equal parts.3–5 Since the methodology to

obtain period equations is well described by Gauss, it has been thought unnecessary

to give the arithmetical details in full but just a brief summary. A detailed textbook

exposition is given in a classic book by Bachmann.3 An enthusiastic opinion and

summary of Bachmann's book is given by Dedekind.9

Consider the set � of the p� 1 complex roots of the equation xp � 1 ¼ 0 where,

here and throughout the paper, p is a prime number. To obtain Gauss' period

equations one starts by ¯rst distributing the p� 1 roots in �, into certain sums called

\periods," as demonstrated in the Disquisitiones Arithmeticæ,2 in paper 343: Omnes

radices � in certas classes (periodos) distribuuntur. For two numbers e and f such

that p� 1 ¼ ef, Gauss partitions all roots in � into e disjoint classes, thereby

forming e periods �i, each one consisting of a sum of f roots.

Let r be any complex root in �, for example r ¼ e2�i=p, and g a primitive root

modulo p. Then, the \periods" (not the period equations) are given by the sums

�i ¼
Xf�1

k¼0

rg
keþi
; i ¼ 0; 1; . . . ; e� 1; ð3Þ

or, more explicitly, e sums of f distinct complex roots suitably selected from �

�0 ¼ rþ rg
e þ rg

2e þ � � � þ rg
ðf�1Þe

;

�1 ¼ rg þ rg
eþ1 þ rg

2eþ1 þ � � � þ rg
ðf�1Þeþ1

;

..

.

�e�1 ¼ rg
e�1 þ rg

2me1 þ rg
3e�1 þ � � � þ rg

fe�1
:

The period equation  eðxÞ of degree e associated with p ¼ ef þ 1 is de¯ned as2,3

 eðxÞ ¼
Ye�1

k¼0

ðx� �kÞ ¼ xe þ xe�1 þ �2x
e�2 þ � � � þ �e; ð4Þ

where all coe±cients �‘ turn out to be integers (from Z). Clearly, by construction,

the roots of period equations are simply the \periods" �i of Gauss.

To get a feeling for the characteristic distribution of p� 1 into products ef,

Table 1 illustrates the abundance and fast growth of the number of roots in �i. For

instance, the periods corresponding to the 50th prime of the form p� 1 ¼ 2f contain

ð233� 1Þ=2 ¼ 116 roots in the summation, the 500th prime contains ð3581� 1Þ=2 ¼
1790 roots, and the 10 000th prime contains (104 743� 1Þ=2 ¼ 52 371 roots. In

contrast, for e ¼ 23, the corresponding number of roots is, respectively, 380, 5096

and 132 020, an increase by factors of the order of 2:5.

Field discriminants for cyclotomic period equations
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3. The Dynamics Behind Period Equations

With hindsight, it is not di±cult to recognize now that wide classes of polynomial

equations of motion generated by a discrete-time physical model coincide with

equations considered by Gauss and by Abel in the early 19th century.

Gauss introduced the systematic procedure reproduced in Sec. 2 and used it to

investigate the subgroups of the group, subsequently named Galois group, of the

cyclotomic equations. He found an explicit algorithm to solve a family of poly-

nomials. However, although interesting for many reasons, cyclotomic equations form

a relatively restricted class of polynomials.

Abel discovered that cyclotomic equations are nothing else than just a particular

case of a much wider class of equations.10 If the roots of an equation of arbitrary

degree are connected in such a way that all roots may be rationally expressed as a

function of one of them, say x and, designating by �ðxÞ and �1ðxÞ any two other

roots, where �ðxÞ and �1ðxÞ are suitable rational functions, one ¯nds that they obey

(the commutative composition law)

�ð�1ðxÞÞ ¼ �1ð�ðxÞÞ; ð5Þ
then the equation in question will always be algebraically solvable by ¯nite chains of

radicals. Such general equations, called Abelian equations after Kronecker, are

Table 1. Primes p ¼ ef þ 1 as a function of e, de¯ning the degree of the period equations.

Primes are far more distant from each other for prime e because they have just a single

signature (see text).

e 50th 200th 500th 1000th 2000th 3000th 5000th 10 000th

2 233 1229 3581 7927 17 393 48 619 48 619 104 743

3 577 2803 8089 17 539 38 011 104 953 104 953 225 217
4 577 2797 8009 17 657 38 153 105 269 105 269 225 217

5 1231 6151 17 551 38 231 82 421 225 781 225 781 479 821

6 577 2803 8089 17 539 38 011 104 953 104 953 225 217
7 2143 9829 28 057 59 627 127 709 351 121 351 121 748 987

8 1321 6521 17 761 38 609 82 793 226 241 226 241 482 441

9 2089 9829 27 361 59 833 128 467 351 361 351 361 747 991

10 1231 6151 17 551 38 231 82 421 225 781 225 781 479 821
11 3433 17 491 49 369 105 733 225 611 610 721 610 721 1 301 851

12 1321 6529 17 989 38 569 83 101 226 453 226 453 481 909

13 4759 21 191 59 359 128 519 275 549 746 227 746 227 1 592 683

14 2143 9829 28 057 59 627 127 709 351 121 351 121 748 987
15 2971 14 221 38 671 83 311 177 601 481 651 481 651 1 020 961

16 3041 14 081 38 321 82 913 177 409 481 697 481 697 1 024 337

17 6257 28 867 80 173 177 379 376 687 1 024 523 1 024 523 2 157 709
18 2089 9829 27 361 59 833 128 467 351 361 351 361 747 991

19 7867 34 961 95 153 203 339 434 303 1 164 511 1 164 511 2 460 881

20 3041 14 081 39 041 83 621 176 461 481 181 481 181 1 025 161

21 4789 22 051 60 271 128 941 277 747 751 549 751 549 1 588 819
22 3433 17 491 49 369 105 733 225 611 610 721 610 721 1 301 851

23 8741 45 403 117 209 249 229 533 831 1 443 389 1 443 389 3 036 461
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equations with n roots x1;x2; . . . ;xn which satisfy the relations

x2 ¼ �ðx1Þ; x3 ¼ �ðx2Þ; . . . ;xn ¼ �ðxn�1Þ; x1 ¼ �ðxnÞ; ð6Þ
where �ðxÞ is a rational function of x. As observed by Kronecker,11 these general

Abelian equations are essentially cyclotomic equations, closing the cycle.

Anyone familiar with equations of motions of discrete-time dynamical systems

will immediately recognize that Eq. (6) corresponds to the discrete-time system

xtþ1 ¼ �ðxtÞ: ð7Þ
For algebraic functions �ðxÞ, iterating this equation generates sequences of poly-

nomials whose roots are orbital points of the physical system described by �ðxÞ. In
general, orbital points are obtained numerically, i.e. only in an approximate way.

However, by studying equations of motion exactly the emphasis is shifted from

approximate orbital points in phase space, to the study of exact analytical properties

and interrelations between equations of motion.1 Clearly, chaotic dynamics cannot

be described by Abelian equations. In the simple example chosen here, the partition

generating limit, all orbits are unstable. However, carriers are valid generically, for

arbitrary values of a. See Eq. (11) in Ref. 1.

For applications in physics, it is of interest to mention that in algebraic number

theory, it can be shown that every cyclotomic ¯eld is an Abelian extension of the

rational numbers Q. In this context, an important discovery is the so-called Kro-

necker–Weber theorem, stating that every ¯nite Abelian extension of Q can be

generated by roots of unity, i.e. Abelian extensions are contained within some cy-

clotomic ¯eld. Equivalently, every algebraic integer whose Galois group is Abelian

can be expressed as a sum of roots of unity with rational coe±cients. For details, see,

e.g. Edwards.12 The key di±culty for application of the theorem above is buried in

the word \some": to ¯nd explicit algorithms providing e®ective bridges to implement

the postulated interconnections between Abelian extensions and cyclotomic ¯elds.

After proving that wealth exists, it seems important to ¯nd ways to get to it.

4. Results

4.1. Expression for the ¯eld discriminant of period equations

Two known invariants of any polynomial are its conventional discriminantD and the

discriminant � of the number ¯eld K underlying the polynomial.7,8,13 More tech-

nically, let pðxÞ be a monic irreducible polynomial in ZðxÞ (i.e. an irreducible poly-

nomial over the integers with nonzero coe±cient of highest degree equal to 1), and r a

root of pðxÞ 2 C. In addition, let K be the number ¯eld QðrÞ and O the ring of

(algebraic) integers in K. Then, the invariants D and � are interconnected by the

simple-looking relation7,8,13

D ¼ k2�; ð8Þ
for some k 2 Z, where D is the discriminant of r and � is the discriminant of O.

Again, the trouble lies in the word \some."

Field discriminants for cyclotomic period equations
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As pointed out by Vaughan,14 \while D can be found by straightforward (if

tedious) computation, the value of k is quite another story. According to Cohn,13 page

77, for example, to determine k, one would have to test a ¯nite number (which may be

very large) of elements of K to see if they are integral."

Surprisingly, period equations form a wide class of equations for which the

computation of � and k presents no di±culties and can be done using the following

wide-ranging result.

For any prime p ¼ ef þ 1, the ¯eld discriminant �e of the period equation  eðxÞ
in Eq. (4) is given by

�e ¼
�pe�1; if ðe� 1Þ mod 4 ¼ 1 and f mod 2 ¼ 1;

pe�1; if otherwise:

�
ð9Þ

Equivalently, Eq. (9) may also be written as

�e ¼
ð�1ÞnP pe�1; if ðe� 1Þ mod 4 ¼ 1;

pe�1; if otherwise;

�
ð10Þ

where nP is the number of pairs of complex roots of  eðxÞ.
The signature8 of a polynomial is ðnR;nP Þ, sometimes written more economically

as nR, where nR is the number of real roots of  eðxÞ. In the literature, number ¯eld

tables are normally ordered using the magnitude j�ej instead of �e. Surprisingly, in

Eq. (10), the sign of �e is found to depend explicitly on the nature, odd or even, of

the total number of pairs of complex roots of  eðxÞ. Therefore, we expect the de-

termination of this sign to be a nontrivial theoretical problem.

Equations (9) and (10) are empirical expressions distilled by consolidating nu-

merical evidence gathered by tabulating thousands of ¯eld discriminants for period

equations for primes p ¼ ef þ 1, for f varying up to a few thousands when e � 10,

and for f varying up to a few hundreds when 11 � e � 60. Beyond e ¼ 60, compu-

tations become too sluggish and are not pursued further. Despite the vast literature

on cyclotomic equations, we have not been able to locate Eqs. (9) and (10). They

correctly reproduce all numerically computed discriminants for the total mass of data

investigated.

For every prime p ¼ 6f þ 1, Lehmer and Lehmer15 reported coe±cients for  eðxÞ
in terms of L and M in the quadratic partition 4p ¼ L2 þ 27M2. They also reported

an explicit formula for the conventional discriminant D of  eðxÞ. Four explicit

examples of  eðxÞ and discriminants were given. However, while their  eðxÞ and the

magnitudes of the conventional discriminants are correct, we ¯nd the sign of all their

discriminants to be incorrect. In any case, nowadays it seems considerably safer and

much easier to generate  eðxÞ numerically than to use the quite long and intricate

expressions provided for the coe±cients of  eðxÞ.
For primes p ¼ 8f þ 1, Lehmer16 investigated the use of di®erence sets and a class

of octic residues of p to obtain conditions for octic period equations which, according

to her, \are rather rare; there are only three such primes less than ten thousand,

J. A. C. Gallas
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namely p ¼ 73; 6361 and 9001". No explicit period equations were reported for these

primes, only the conventional discriminant D for p ¼ 73, viz. D ¼ 254 � 34 � 737. For
these rare octics, we ¯nd

 
ð73Þ
8 ðxÞ ¼ x8 þ x7 þ 5x6 � 17x5 � 46 x4 � 136x3 þ 320 x2 þ 512xþ 4096;

k2 ¼ 254 � 34; � ¼ 737;

 
ð6361Þ
8 ðxÞ ¼ x8 þ x7 þ 398 x6 þ 41 446 x5 � 250 747x4 þ 16 689 725 x3

þ486 181 868x2 � 5 601 819 268 xþ 224 934 834 784;

k2 ¼ 290 � 312 � 514 � 1112; � ¼ 63617;

 
ð9001Þ
8 ðxÞ ¼ x8 þ x7 þ 563x6 � 42 614x5 � 556 282x4;

�28 875 030 x3 þ 863 797 853x2 þ 13 357 557 897xþ 926 791 611 419;

k2 ¼ 232 � 34 � 514 � 114 � 2312 � 4312; � ¼ 90017:

They are the 3rd, 196th and 271th octics for primes of the form p ¼ 8f þ 1, respec-

tively. The discriminants for p ¼ 73 agree. Although the reference table for totally

complex octics lists polynomials containing ¯eld discriminants up to 122 digits,  
ð6361Þ
8

ðxÞ and  ð9001Þ
8 ðxÞ, with discriminants of 27 and 28 digits, respectively, are not listed.

Equation (9) gives a handy criterion to sort out equations with either k2 ¼ 1 or

k2 6¼ 1. Thus, knowledge of ¯eld discriminants allows one to extract inessential

discriminant divisors through a simple division of two (possibly very large) integers.

By avoiding the need for factorizing very large numbers, Eq. (9) allows a very

signi¯cant reduction of the computations required to assess the arithmetical scaf-

folding underlying period equations.

4.2. A general expression for ®2

For primes p ¼ 3f þ 1, a general period equation  3ðxÞ solving the cyclotomic tri-

section problem was given in 1872 by Bachmann, on pages 210–213 and 224–230 of

his classic book Die Lehre von der Kreisteilung,3 used properties of the elementary

symmetric functions �‘, to derive a one-parameter cubic that we write as

 3ðxÞ ¼ x3 þ x2 � 1

3
ðp� 1Þxþ A: ð11Þ

An equivalent form having the same discriminants is � 3ð�xÞ. Subsequently, in
1879, Cayley17 reported

 3ðxÞ ¼ x3 þ x2 � 1

3
ðp� 1Þxþ fg� h2; ð12Þ

tabulating f, g and h for the 11 primes p ¼ 3f þ 1 below 100, namely 7, 13, 19, 31, 37,

43, 61, 67, 73, 79 and 97. In 1901, Burnside18 showed that Eq. (12) \may be

completely solved, without the use of tables of any kind, by a number of trials which

Field discriminants for cyclotomic period equations
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is small in comparison with the prime considered." As an example, for p ¼ 1213, with

¯ve trials he ¯nds the correct solution x3 þ x2 � 404xþ 669 ¼ 0:

For p ¼ 5f þ 1, the period equation is a three-parameter quintic19

 5ðxÞ ¼ x5 þ x4 � 2

5
ðp� 1Þx3 þ Cx2 þBxþ A: ð13Þ

In general, for e odd, we ¯nd the coe±cient �2 of the third largest power of x in  eðxÞ,
Eq. (4), to be an integer given by

�2 ¼ � e� 1

2e
ðp� 1Þ ¼ � 1

2
ðe� 1Þf: ð14Þ

We also ¯nd this same coe±cient to be valid for e even and signature ðe; 0Þ. For
e ¼ 2, the third largest power of x in  eðxÞ is in fact the constant term of a quadratic.

We have not been able to locate this general coe±cient in the literature.

It would be interesting to explore the possibility of, say, following Bachmann, to use

the elementary symmetric functions to obtain expressions for additional coe±cients.

4.3. Tables of period equations

All results reported here were obtained with a special purpose MAPLE routine

written to generate systematically large sequences of period equations  eðxÞ for

primes p ¼ ef þ 1, with e arbitrary but ¯xed. In this endeavor, period equations

tabulated in 1875 by Reuschle4 were helpful to validate our routine. Reuschle would

be certainly amazed, perhaps shocked, to see that every period equation recorded in

his invaluable and in°uential work of 13 years20 could now be reproduced in fractions

of a second or just a few seconds. For instance, the ¯rst 20 period equations for

p ¼ 20f þ 1 were generated in 3.7 s, for p ¼ 30f þ 1 in 8.1 s, for p ¼ 40f þ 1 in 17.2 s,

for p ¼ 50f þ 1 in 29.3 s and for p ¼ 60f þ 1 in 83.9 s, running MAPLE 2014 on a

modest and aging DELL XPS 13 Ubuntu notebook. These simple tests generated

much more period equations than reported in Reuschle's book.

In continuation, we compare our results with the ones in the detailed number ¯eld

database of Klüners and Malle,21–23 taken to be our reference tables. Malle24 presents

an impressive table listing the ¯rst 15 million cyclic cubic ¯elds, complete up to ¯eld

discriminant 106. These works contain links to a number of additional papers and

online tables. For applications in physics, we mention the tables of totally real

number ¯elds up to degree 10 computed and maintained by Voight.25 Most tables are

concerned with number ¯elds of relatively low-degree. The database of Klüner and
Malle has minimal polynomials for ¯elds up to degree 19, degrees not available in

tables known to us. Of course, online number ¯eld tables are not at all concerned

with period equations and, accordingly, the majority of their polynomials are not

period equations. In fact, a byproduct of our work is precisely to have identi¯ed an

in¯nite family of polynomials responsible for producing discriminants with the

simplest possible structure, namely powers of single prime numbers.

For larger values of e, Table 5 presents information that goes well beyond what is

presently available for equations with cyclic group.

J. A. C. Gallas
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4.3.1. Period equations for primes of the form p ¼ 3f þ 1

The conventional polynomial discriminant of the cubic  3ðxÞ, Eq. (11), is

Dc ¼ �27A2 � ð6p� 2ÞAþ 1

27
ð4p� 1Þðp� 1Þ2:

For k ¼ 1, Eq. (9) implies Dc ¼ p2, a quadratic in A which has a rational and an

integer value of A as solutions. For k 6¼ 1, both solutions are quadratic numbers.

Therefore, the constraint Dc ¼ p2 provides a simple an e±cient algorithm to sort out

period equations with and without inessential discriminant divisors. For a ¯xed

value of e, by increasing f successively, it is possible to extract in a systematic way,

without omissions, a list of all primes p ¼ ef þ 1. For example, the 1187th cubic

is x3 þ x2 � 22 569 406xþ 41 261 890 201, for p ¼ 67 708 219. The 1631st cubic is

x3 þ x2 � 47 112 146xþ 124 449 351 881, for p ¼ 141 336 439. The 2405th cubic is

x3 þ x2 � 111 367 856xþ 452 326 735 601, for p ¼ 334 103 569. The (weak) growth of

the number of cubics with k ¼ 1 obeys a power law.

For cyclic ¯elds, the reference table displays discriminants for 211 cubics, the last

one being 2 989 441 ¼ 72 � 132 � 192. Among them, there are 66 discriminants of the

form p2, the four ones larger than 1000 being 1021; 1153; 1213 and 1327, respectively

the 82th, 93th, 96th and 105th primes p ¼ 3f þ 1. These 66 cases lead us to suspect

that the corresponding cubics could be period equations, or isomorphic forms of

period equations. Indeed, they are.

Table 2 records A and k for the ¯rst 105 primes p ¼ 3f þ 1, characterized by ¯eld

discriminants p2. The sign and magnitude of A vary sensibly with p. Highlighted

primes are not listed in the reference table. The magnitude of A for all primes in the

reference table is smaller than 1000. With two exceptions, all missing primes

highlighted in Table 2 have jAj > 1000. It is important to stress that the reference

tables are not concerned with period equations. They contain many discriminants,

which factor into products of powers of several primes and have minimal polynomials

with coe±cients that exceed 1000 considerably.

4.3.2. Period equations for primes p ¼ 4f þ 1

For cyclotomic primes p ¼ 4f þ 1 there are two classes of 4T1 cyclic polynomials,

characterized by signatures 4 or 0. Table 3 contains the ¯rst 80 period equations,

independent of signatures. Highlighting is used to discriminate signatures.

For p ¼ 4f þ 1, the reference tables21 list 238 polynomials of signature 4 and 198

of signature 0. The largest cyclotomic prime listed is p ¼ 769 for signature 4, and

p ¼ 269 for signature 0. Minimal polynomials for the totally real signature agree with

ours, modulo the trivial substitution x 7! �x or isomorphisms. In contrast, for

signature ð0; 2Þ, the reference table misses primes 109, 149, 157, 173, 181 and 229.

For p ¼ 37 and signature 0, the minimal polynomial in the reference table is

fðxÞ ¼ x4 þ 2x3 þ 20x2 þ 19xþ 7; k2 ¼ 34; �e ¼ 373;

Field discriminants for cyclotomic period equations
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while our Table 3 has

gðxÞ ¼ x4 þ x3 þ 5x2 þ 7xþ 49; k2 ¼ 32 � 72; �e ¼ 373:

Using either polynomial interpolation26 or systematic computer search,27 the

number ¯elds underlying these polynomials may be shown to be isomorphic, with

two sets of four transformations interconnecting the polynomials. The passage from

fðxÞ 7! gðxÞ is accomplished by any of the following direct transformations:

D1 ¼
1

3
ð�x3 � 2x2 � 18x� 14Þ;

Table 2. Solution set for cubics with transitive group 3T1, ordered by the value of p, for

the ¯rst 105 primes p ¼ 3f þ 1. Their ¯eld discriminant is � ¼ p2 and the minimal

polynomial is fðxÞ ¼ x3 þ x2 � p�1
3 xþ A. The inessential discriminant divisors are

de¯ned by k2. Solutions for highlighted primes are not in the reference tables.

J. A. C. Gallas
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Table 3. Solution set for biquadratics with ¯eld discriminant � ¼ p3 for primes p ¼ 4f þ 1, and minimal

polynomial x4 þ x3 þ Cx2 þBxþA, highlighted by signature. The inessential discriminant divisors are

de¯ned by k2. \Seq" and \Sig" refer to the sequential enumeration of primes and signature. Among the

¯rst 80 primes there are 37 of signature 4 and 43 of signature 0. Note that C ¼ �3
8 ðp � 1Þ for totally real

quartics.
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D2 ¼
1

3
ð�x3 � x2 � 20x� 6Þ;

D3 ¼
1

3
ðx3 þ x2 þ 17xþ 3Þ;

D4 ¼
1

3
ðx3 þ 2x2 þ 21xþ 14Þ;

while the inverses, from gðxÞ 7! fðxÞ, are

I1 ¼
1

21
ð�2x3 þ 5x2 � 17x� 7Þ;

I2 ¼
1

21
ð�x3 � 8x2 � 19x� 35Þ;

I3 ¼
1

21
ðx3 þ 8x2 þ 19xþ 14Þ;

I4 ¼
1

21
ð2x3 � 5x2 þ 17x� 14Þ:

4.4. How rare are period equations?

Table 4 provides a measure of the relative abundance and distribution of period

equations. The upper part of the table puts into perspective data from the reference

database,21 while the lower part presents some analogous results for period equations

of larger degrees. The ¯rst column gives polynomial degrees, the second records

signatures, the third gives the numberN of polynomials listed in the reference tables,

not necessarily period equations. In the fourth column, numbers in black inform the

basis of ¯eld discriminants of period equations contained in the reference tables. For

instance, among 181 polynomials of degree 10 and signature 10 in the reference table,

one ¯nds four period equations whose discriminants are 419; 619; 1019 and 1819.

Complementing the table, in boldface blue, we show bases for the next few period

equations in each sequence.

The ¯fth column lists the number of digits for the ¯eld discriminant of the last

polynomial listed in the reference database. Thus, for degree 10, the discriminant of

the 181th polynomial with signature 10 (i.e. with 10 real roots) is a number with 48

digits, while for signature 0, the discriminant of the 79th polynomial contains 22

digits. As indicated in the rightmost column, such polynomial is the 13th in the list of

signature 0. For signature 10, the corresponding number in the rightmost column is

½2 � 105�. Such number is used to indicate that it would take too much time and

resources to establish the sequential order of the 181th polynomial. In such cases,

numbers in brackets give an estimate of the size of a prime whose number of digits

would be about 48. For instance, the number of digits of ð2� 105Þ9 is 48.

From the rightmost column of Table 4, one sees clearly that there is no short

supply of period equations. In particular, it is totally unreasonable to expect any

table to contain them all. From the number of digits listed in the ¯fth column, it
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becomes clear that an attempt to include, say, all discriminants for degree 15 would

demand a list with no less than 7216 entries. At the same time, Table 4 draws

attention to how incomplete existing tables still are, particularly for polynomials of

larger degrees. For instance, for degree 17, to include all polynomials having dis-

criminants with up to 40 digits, would require adding just one more polynomial, the

one corresponding to base 307. For degree 19, the reference table is already complete

for discriminants with up to 50 digits. The last ¯ve lines in Table 4 record some data

for polynomials that we have not found in online tables of number ¯elds.

4.5. Beyond tabulated polynomials

Table 5 lists representative pairs of period equations characterized by totally real

¯elds for primes p ¼ ef þ 1 where e ¼ 21; 23; 25; 27; 29; 33 and 39. Coe±cients are

ordered according to Eq. (4), namely for e ¼ 21 the coe±cients are �22 ¼ 1, �21 ¼ 11,

�20 ¼ �55, etc.

The degrees of the period equations in Table 5 go well beyond what is presently

available in the literature for totally real cyclic ¯elds and emphasize the easiness of

generating such families systematically. We computed sequences with varying

numbers of period equations, up to e ¼ 100. Obviously, such sequences are simply

Table 4. Relative abundance of period equations as a function of the degree of their minimal

polynomials and signature. N refers to the number of ¯elds listed in the reference tables.

Highlighted blue boldface numbers are missing in the reference tables. See text for description of
remaining data.
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Table 5. The ¯rst two period equations for primes p ¼ ef þ 1 with e ¼ 21; 23; 25; 27; 29; 33; 39, and ¯eld

discriminants �e ¼ pe�1. Highlighted are ð‘P ; ‘kÞ, the number of digits in D and�e. The identity D ¼ �K

means k2 ¼ 1 (see Eq. (8)). Large values of D��e imply large inessential discriminant divisors.
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too big to record here, although they provide signi¯cant insights concerning their

organization, growth, as well as minimum discriminants of  eðxÞ.
Note that for the larger degrees, discriminants contain increasingly larger number

of digits, and become harder and harder to factor without better and dedicated

resources.

4.6. Orbits and orbital clusters of Pincherle's map xt +1 = 2 � x 2
t

All period equations considered so far had discriminants given by powers of single

primes. It is important to mention that n-periodic orbits of the quadratic map do not

necessarily have equations of motion de¯ned by n degree polynomials with integer

coe±cients as is the case for Eqs. (1) and (2). Most of the times, orbits appear as

orbital clusters entangling arithmetically together several distinct orbits with the

same period.

For instance, for period-4, in the partition generating limit, the limit studied as

early as 1920 by Pincherle,6,28 the three individual period-4 orbits emerge as one

single orbit and a cluster formed by two orbits

o4;1ðxÞ ¼ x4 þ x3 � 4x2 � 4xþ 1; � ¼ 32 � 53;
c4;1ðxÞ ¼ x8 � x7 � 7x6 þ 6x5 þ 15x4 � 10x3 � 10x2 þ 4xþ 1; � ¼ 177:

The pair of orbits of the cluster decompose as c4;1ðxÞ ¼ o4;2ðxÞ � o4;3ðxÞ where

o4;2ðxÞ ¼ x4 � 1

2
ð1þ

ffiffiffiffiffi
17

p
Þx3 � 1

2
ð3�

ffiffiffiffiffi
17

p
Þx2 � ð2�

ffiffiffiffiffi
17

p
Þx� 1; � ¼ 172 � 68

ffiffiffiffiffi
17

p
;

o4;3ðxÞ ¼ x4 � 1

2
ð1�

ffiffiffiffiffi
17

p
Þx3 � 1

2
ð3þ

ffiffiffiffiffi
17

p
Þx2 � ð2þ

ffiffiffiffiffi
17

p
Þx� 1; � ¼ 172 þ 68

ffiffiffiffiffi
17

p
:

Remarkably, the single orbit o4;1ðxÞ is not a period equation, while the cluster c4;1ðxÞ
is. For period-5, we obtain

o5;1ðxÞ ¼ x5 � x4 � 4x3 þ 3x2 þ 3x� 1; � ¼ 114;

c5;1ðxÞ ¼ x10 þ x9 � 10x8 � 10 x7 þ 34x6 þ 34 x5 � 43x4 � 43 x3

þ 12x2 þ 12 xþ 1; � ¼ 35 � 119;
c5;2ðxÞ ¼ x15 � x14 � 14x13 þ 13x12 þ 78x11 � 66x10 � 220x9 þ 165 x8

þ 330x7 � 210 x6 � 252x5 þ 126 x4 þ 84x3 � 28x2 � 8xþ 1: � ¼ 314:

As before for period-4, c5;1ðxÞ ¼ o5;2ðxÞ � o5;3ðxÞ, where

o5;2ðxÞ ¼ x5 þ 1

2
ð1þ

ffiffiffiffiffi
33

p
Þx4 � x3 � 1

2
ð9þ 3

ffiffiffiffiffi
33

p
Þx2 � ð6þ

ffiffiffiffiffi
33

p
Þx� 1; � ¼ 112;

o5;3ðxÞ ¼ x5 þ 1

2
ð1�

ffiffiffiffiffi
33

p
Þx4 � x3 � 1

2
ð9� 3

ffiffiffiffiffi
33

p
Þx2 � ð6�

ffiffiffiffiffi
33

p
Þx� 1; � ¼ 112:

While o5;1ðxÞ, the celebrated quintic of Vandermonde,27 de¯nes a single orbit, c5;1ðxÞ
and c5;2ðxÞ are entanglements of 2 and 3 period-5 orbits, respectively. Moreover,
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o5;1ðxÞ, c5;1ðxÞ and c5;2ðxÞ have k2 ¼ 1, and o5;1ðxÞ and c5;2ðxÞ are period equations.

As for period-4, individual orbits composing clusters have coe±cients given by

complicated algebraic numbers, not integers. Therefore, orbital clusters may also

contain discriminants involving products of powers of multiple primes. It is quite

challenging to decompose orbital clusters combining more than two orbits, partic-

ularly when they combine an odd number of orbits. However, the coe±cients of such

decompositions hide the secretest truth and most interesting relations among

numbers which ¯x orbital individuality.

Analogously, we ¯nd the 18 orbits of period-7 to emerge in three clusters, with 3, 6

and 9 orbits

c7;1ðxÞ ¼ x21 � x20 � 20 x19 þ 19 x18 þ 171x17 � 153x16 � 816x15 þ 680x14

þ 2380x13 � 1820x12 � 4368x11 þ 3003x10 þ 5005x9 � 3003x8

� 3432x7 þ 1716x6 þ 1287x5 � 495x4 � 220x3 þ 55x2 þ 11 x� 1;

c7;2ðxÞ ¼ x42 þ x41 � 42 x40 � 42 x39 þ � � � � 3267x4 � 3267x3 þ 44x2 þ 44 xþ 1;

c7;3ðxÞ ¼ x63 � x62 � 62 x61 þ 61 x60 þ � � � þ 40920x4 þ 5456x3 � 496x2 � 32xþ 1:

All three have k2 ¼ 1 and discriminants 4320, 321 � 4341 and 12762, respectively.

Manifestly, only clusters c7;1ðxÞ and c7;3ðxÞ are period equations.

There are only quite a small number of nonarithmetically entangled orbits,

meaning simply that, most of the times, the coe±cients of periodic orbits will be

given by more complicated algebraic numbers, not integers. For periods 9, 10, 11 and

12, the only periodic orbits with integer coe±cients are

o9;1ðxÞ ¼ x9 � x8 � 8x7 þ 7x6 þ 21x5 � 15 x4 � 20x3 þ 10 x2 þ 5x� 1; � ¼ 198;

o9;2ðxÞ ¼ x9 � 9x7 þ 27 x5 � 30x3 þ 9x� 1; � ¼ 322;

o10;1ðxÞ ¼ x10 � 10x8 þ 35x6 � x5 � 50x4 þ 5x3 þ 25x2 � 5x� 1; � ¼ 517;

o11;1ðxÞ ¼ x11 � x10 � 10 x9 þ 9x8 þ 36 x7 � 28x6 � 56x5 þ 35x4

þ 35 x3 � 15x2 � 6xþ 1; � ¼ 2310;

o12;1ðxÞ ¼ x12 þ x11 � 12 x10 � 11 x9 þ 54x8 þ 43 x7 � 113x6

� 71 x5 þ 110x4 þ 46 x3 � 40x2 � 8xþ 1; � ¼ 59 � 710;
o12;2ðxÞ ¼ x12 � 12x10 þ x9 þ 54x8 � 9x7 � 112x6

þ 27 x5 þ 105x4 � 31 x3 � 36x2 þ 12 xþ 1; � ¼ 318 � 59;
o12;2ðxÞ ¼ x12 þ x11 � 12 x10 � 12 x9 þ 53x8 þ 53 x7

� 103 x6 � 103x5 þ 79 x4 þ 79x3 � 12 x2 � 12xþ 1; � ¼ 36 � 1311:

They all have k2 ¼ 1 and only o9;1ðxÞ and o11;1ðxÞ are period equations. The dis-

criminants of o9;1ðxÞ and o9;2ðxÞ are the ¯rst and second smallest for cyclic equations

of degree nine, while o10;1ðxÞ has the third smallest and o11;1ðxÞ the smallest possible

discriminant for cyclic polynomials of degrees 10 and 11, respectively.21 Of the 335

period-12 orbits, only the three above have integer coe±cients. They are not period
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equations, but are the triplet of cyclic polynomials with minimum discriminants. The

630 period-13 orbits emerge as three rather big polynomials, of degrees 1365, 2730

and 4095, conglomerating 105, 210 and 315 orbits, respectively. The coe±cients of

the individual orbits must involve algebraic numbers with exquisite symmetry

properties that would be interesting to study, despite the challenge of the task. For

polynomial maps, an exact equation giving the total number of periodic orbits as a

function of the period is given in Ref. 29.

Among orbits and orbital clusters of the quadratic map one ¯nds the startling

phenomenon of period inheritance.31 A detailed discussion of orbits and clusters for

the quadratic map will be presented elsewhere.

5. Conclusions and Outlook

Motivated by the remarkable fact that several periodic orbits and orbital clusters of

the quadratic map coincide with period equations, this paper reported a number of

properties of period equations uncovered by computing large sets of them, and

consolidating trends observed.

It was found that period equations may be systematically generated and enu-

merated, with no omissions, for primes of the form p ¼ ef þ 1. This fact allows one to

recognize and to ¯x some gaps in tables of number ¯elds currently available in the

literature. It also makes clear that, due to the abundance of period equations, there is

no hope of ever producing \complete" tables. Fortunately, however, period equations

are not di±cult to generate when needed, using currently available computer algebra

systems. Maybe future versions of such types of software will incorporate intrinsic

functions for this purpose.

The design of an e±cient routine for the systematic determination of classes of

solutions ended up disclosing exact theoretical expressions, conjectures, which seem

hard to come by theoretically and which are now ready to be challenged by tradi-

tional demonstrations. For instance, we found a simple and general closed-form

expression, Eq. (9), for the ¯eld discriminant of cyclotomic period equations. As

shown, such expression grants direct access to the so-called inessential discriminant

divisors8 buried in conventional polynomial discriminants and normally quite di±-

cult to determine. Equation (9) provides an easy criterion to sort out equations with

either k2 ¼ 1 or k2 6¼ 1, sets that we ¯nd to contain an unbounded quantity of

equations and emerging intertwined with a quite irregular distribution of magnitudes

and signs. Additional analytical results are reported in Sec. 4.2, in particular by

Eq. (14), and in Secs. 4.3 and 4.3.1.

As is the case for ’1ðxÞ and ’2ðxÞ, note that the branch ambiguity of the square

root signs in o4;2ðxÞ and o4;3ðxÞ, as well as in o5;2ðxÞ and o5;3ðxÞ, make such orbits to

be only formally well de¯ned. In fact, to represent unambiguous orbits, such forms

still depend on ¯xing the branch for the square root that they contain. By suitable

branch choice, the formally ambiguous expression o4;2ðxÞ may be \projected" into

anyone of the two branch-¯xed orbits. The same is valid for the ambiguous o4;3ðxÞ
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that may also be selected to represent anyone of the two branch-¯xed orbits. The

existence of root-ambiguity before ¯xing branches is a simple arithmetical conse-

quence of the multivaluedness of numbers in the roots.

The systematic generation of period equations allows one to enumerate unam-

biguously classes of number ¯elds. In some sense, such enumeration resembles

somewhat the arithmetic order discovered to exist among unordered binary labels

associated with the symbolic dynamics of the quadratic map.30 The identi¯cation of

period equations as periodic orbits and clusters of the quadratic map lends hope that,

eventually, it may be possible to disclose analytically the regular processes under-

lying the organization of bifurcation cascades observed so frequently in physical

models. A promising application is to detect and classify orbital interdependencies in

classical dynamics.31 An open question is to understand why some orbital equations

are not period equations, while some clusters are. A further enticing open question is

to determine if, as for period equations, other discriminant regularities abundantly

present in number ¯eld databases are associated with additional families of poly-

nomials yet to be discovered.

Note added (October 31, 2019)

While searching for references to Eqs. (9) and (14), with the help of the internet

and kind leads and feedback provided by Profs. G. E. Andrews, B. C. Berndt,

R. J. Evans, K. Győry, F. Lemmermeyer, W. Narkiewicz, A. Schinzel, A. Ware,

H. C. Williams and K. S. Williams, it was possible to uncover the following facts.

Prof. Evans pointed out that, up to sign, Eq. (9) was given by Neto et al.32

By Galois theory, there is only one possible sub¯eld K and, accordingly, we

identify ½K : Q� ¼ e. The ¯eld K is generated over Q by the e roots of the period

equation  eðxÞ in Eq. (4). Our Eqs. (9) and (10) agree with the magnitude of

�e reported by Neto et al., and, in addition, they provide the proper signs for all

the cases.

Prof. Narkiewicz pointed out that our Eq. (9) is correct and follows from the

conductor-discriminant formula, see, e.g. Theorem 3.11 in the book Introduction

to Cyclotomic Fields.34 He also mentions that Gurak33 presented a procedure

to compute the beginning coe±cients of the minimal polynomials of the period

equations. It was not veri¯ed if Gurak's results lead or not to our Eq. (14).

It was not yet possible to locate exact reference to Eq. (14) in the literature.

However, using cyclotomic numbers and other results from the book Gauss and

Jacobi Sums,35 Prof. K. S. Williams kindly sent us a general proof that Eq. (14) is

indeed correct, as well as an expression for the missing case of totally complex ¯elds

with signature ð0; e=2Þ, namely

�2 ¼
eþ p� 1

2e
¼ 1

2
ðf þ 1Þ: ð15Þ

This coe±cient matches exactly all our computational data. The author expresses his

gratitude to all persons involved for their generous contributions.

J. A. C. Gallas

2050021-18



Acknowledgments

This work was supported by the Max–Planck Institute for the Physics of Complex

Systems, Dresden, in the framework of the Advanced Study Group on Forecasting

with Lyapunov vectors. The author was supported by CNPq, Brazil.

References

1. J. A. C. Gallas, Phys. Scripta 94, 014003 (2019).
2. C. F. Gauss, Disquisitiones Arithmeticae (Fleischer, Leipzig, 1801). English translation

by Yale University Press, 1986.
3. P. Bachmann, Die Lehre von der Kreistheilung und ihre Beziehungen zur Zahlentheorie

(Teubner, Leipzig, 1872).
4. C. G. Reuschle, Tafeln Complexer Primzahlen, Welche aus Wurzeln der Einheit Gebildet

Sind (Vogt, Berlin, 1875).
5. D. A. Cox, Galois Theory, 2nd edn. (Wiley, Hoboken, 2012).
6. J. A. C. Gallas, Results Phys. 6, 561–567 (2016).
7. J. H. Evertse and K. Győry, Discriminant Equations in Diophantine Number Theory

(Cambridge University Press, Cambridge, 2017).
8. H. Hasse, Vorlesungen €uber Zahlentheorie, Zweite Au°age (Springer, Berlin, 1964).
9. R. Dedekind, Zeit. Math. Phys. 18, 14–24 (1873).
10. N. H. Abel, J. Reine Angew. Math. 4, 131 (1829); Bol. Soc. Portuguesa de Mat. 47, 1 & 17

(2002) (Portuguese translation).
11. L. Kronecker, Über die algebraisch au°€osbaren Gleichungen I. Abhandlung, Monatsber.

(K€on. Preuss. Akad. Berlin, 1853) ¼ Werke, Band IV, 365–374.
12. H. M. Edwards, Expo. Math. 32, 79–91 (2014).
13. H. Cohn, A Classical Invitation to Algebraic Numbers and Class Fields (Springer,

New York, 1978).
14. T. P. Vaughan, Math. Comput. 45, 569–584 (1985).
15. D. H. Lehmer and E. Lehmer, Paci¯c J. Math. 111, 341–355 (1984).
16. E. Lehmer, Proc. Am. Math. Soc. 6, 433–442 (1955).
17. A. Cayley, Proc. London Math. Soc. 11, 4–17 (1879).
18. W. Burnside, Messenger Math. 30, 101–102 (1901).
19. W. Burnside, Proc. London Math. Soc. 30, 251–259 (1914).
20. M. Folkerts and O. Neumann, Der Briefwechsel zwischen Kummer und Reuschle (Rauner

Verlag, Augsburg, 2006).
21. J. Klüners and G. Malle, A Database for Number Fields, available http://galoisdb.

math.upb.de/home (Retrieved September 27, 2019).
22. J. Klüners and G. Malle, London Math. Soc. J. Comput. Math. 4, 182–196 (2001).
23. J. Klüners and G. Malle, J. Symb. Comp. 30, 675–716 (2000).
24. G. Malle, A Database for Class Groups of Number Fields, available at https://service.

mathematik.uni-kl.de/�numberfieldtables/ (Retrieved September 27, 2019).
25. J. Voight, Tables of totally real number ¯elds, available at https://math.dartmouth.

edu/�jvoight/nf-tables (Retrieved September 27, 2019).
26. O. J. Brison and J. A. C. Gallas, Int. J. Mod. Phys. C 29, 1850096 (2018).
27. J. A. C. Gallas, Int. J. Mod. Phys. C 29, 1850082 (2018).
28. S. Pincherle, Reale Accademia dei Lincei, Rendiconti della Classe di Scienze Fisiche,

Matematiche e Naturali (Roma), Series 5, 29(1), 329–333 (1920).
29. O. J. Brison and J. A. C. Gallas, Physica A 410, 313–318 (2014).
30. A. Endler and J. A. C. Gallas, Phys. Lett. A 352, 124–128 (2006).

Field discriminants for cyclotomic period equations

2050021-19



31. J. A. C. Gallas, Europhys. Lett. 47, 649–655 (1999).
32. T. P. N. Neto, J. C. Interlando and J. O. D. Lopes, J. Numb. Theory 96, 319–325 (2002).
33. S. Gurak, Paci¯c J. Math. 102, 347–353 (1982).
34. L. C. Washington, Introduction to Cyclotomic Fields, 2nd edn. (Springer, New York,

1997).
35. B. C. Berndt, R. J. Evans and K. S. Williams, Gauss and Jacobi Sums (Wiley, New York,

1998).

J. A. C. Gallas

2050021-20


	Field discriminants of cyclotomic period equations
	1. Introduction
	2. What are Period Equations?
	3. The Dynamics Behind Period Equations
	4. Results
	4.1. Expression for the field discriminant of period equations
	4.2. A general expression for α2
	4.3. Tables of period equations
	4.3.1. Period equations for primes of the form p=3f+1
	4.3.2. Period equations for primes p=4f+1

	4.4. How rare are period equations?
	4.5. Beyond tabulated polynomials
	4.6. Orbits and orbital clusters of Pincherle&rsquo;s map xt &plus;1 =2&minus;xt2

	5. Conclusions and Outlook
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


