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Kesarwani and Varshni recently reported the WKB approximation to be apable of producin_e bi_rhly accurate eigenvalues 
for Kratzer’s interaction, if an adequate number ofhigharder corrections were taken into account. We show that by making 
the LanSer transformation, it is possible to reproduce the known exact results within thefut-order theory. 

Two recent papers in this journal discussed the en- 
ergy spectrum of the Kratzer [ 1.2] interaction in semi- 
classical WKB approximation. The first of these [3] 
gave the impression that semiclassical eigenvalues are a 
poor approximation to the known exact eigenvahres. 
In the second of these Kesarwani and Vashni [4] pointed 
out that the above mentioned WKB results [3] were in- 
correct and that very high accuracy could be obtained 
if an adequate number of high-order temls were taken 
in the semiclassical approximation_ In this note we show 
that the Langer-transformedfirst-order semiclassical 
quantization reproduces the known exact analytical 
results. 

We start by introducing the interaction potential 

V(r) = -XI(a/r - :q 2/r*). (1) 

where D > 0 and u > 0. For later convenience we in- 

troduced in (1) a parameter 4 such that for 9 = 0 eq. 
(1) reduces to a Coulomb potential while for 4 = 1 the 
potential corresponds to Kratzer’s interaction, whose 
spectrum is known [5] to be given by 

EnI = 
-Dy” 

{n -I- : + [y* + (2 -I- ;)*I ‘/2}2’ 
(2) 

where -y’ = 2mazD/li2. The eigenfunctions for bound 
as well as for scattering states have been discussed by 
Fltigge [5] _ For completeness we also quote a paper by 
Stetter and Shatas [6] where some matrix elements for 
Kratzer’s interaction were derived. 

The radial equation describing the motion of a par- 
ticle of mass m in a potential V(r) is given by 

-($/%r)$” + [V(r) + @*/2m)L’lr’] $I = E$, (3) 

where, as usual, L” = Z(Z + 1). The correspondingsemi- 
classical approximation to the eigenvalues of (3) is ob- 
tained from 

r2 

J 
P(r) dr = (n + $)IT, n = 0,1,2,..., (4 

rl 

where 

[P(r)] 2 = (2Jn/tZ)[E - V(r) - @‘/2??2) L'I_y'] , (5) 

and where now, owing to the Langer transfomration 
[7], L” = (2 + $)‘_ This transformation is connected 
with the boundary conditions obeyed by the eiSenfunc- 
tions of radial equations [S]; it is known in the semi- 
classical treatment of, e.g. the hydrogenic spectrum 
[S,S,9] and the Stark effect [lo]. Now, using the fact 
that 

s r2 $ [_r* + (rl +r2)r - r1r21 “* 
rl 

= $r[rl + r7 - 2(r1rz)“‘], 

we identify 

r1 +r2 = -T_DalE > 0, 

03) 

(3 

479 0 009-2614/83/0000-0000/S 03.00 0 1983 North-Holland 



Volume 96. number-l CHEMICAL PHYSICS LETTERS 15 April 1983 

‘1’2 = -E--l [Dqo2 -I- (t2/2rn)L2] > 0, 

and obtain the’semiclassical eigenenergies as 

G’b) 

(8) 

where L Z = (Z + f )‘_ For 4 = 0 one obtains the hydro- 
genie spectrum as it should be. For Kratzer’s interac- 
tion (4 = I), eq. (8) reproduces the exact result (2). 
The critical difference between the present calculation 
and the previously mentioned ones [3,4] is that they 
had Lz = f(Z + 1). For the particular case discussed in 

13.41, namely for s states. their formulas incorrectly 
give L2 = 0. The numerics can easily be checked by 

takingD = 1 and y2 = 50. 
To conclude. it is tempting to conjecture that first- 

order calculations for a generalized form of (1) dis- 
cussed in ref. [ 111 could also be improved by perform- 
ing the Langer transformation. 
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