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Kesarwani and Varshni recently reported the WKB approximation to be capable of producing highly accurate cigenvalues
for Kratzer’s interaction, if an adequate number of high-order corrections were taken into account. We show that by making
the Langer transformation, it is possible to reproduce the known exact results within the first-order theory.

Two recent papers in this journal discussed the en-
ergy spectrum of the Kratzer [1,2] interaction in semi-
classical WK B approximation. The first of these [3]
gave the impression that semiclassical eigenvalues are a
poor approximation to the known exact eigenvalues.

In the second of these Kesarwani and Vashni [4] pointed

out that the above mentioned WKB results [3] were in-
correct and that very high accuracy could be obtained
if an adequate number of high-order terms were taken
in the semiclassical approximation. In this note we show
that the Langer-transformed first-order semiclassical
quantization reproduces the known exact analytical
results.

We start by introducing the interaction potential

V(r)= —2D(a/r — 3q 2%/r?), 6!

where D > 0 and @ > 0. For later convenience we in-
troduced in (1) a parameter g such that forg = 0 eq.
(1) reduces to a Coulomb potential while forg = 1 the
potential corresponds to Kratzer’s interaction, whose
spectrum is known [5] to be given by
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where ¥2 = 2ma2D/#2. The eigenfunctions for bound
as well as for scattering states have been discussed by
Fligge [5]. For completeness we also quote a paper by
Stetter and Shatas [6] where some matrix elements for
Kratzer’s interaction were derived.
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The radial equation describing the motion of a par-
ticle of mass m in a potential V() is given by
—@[2mp" + (V) + (2L e =Ey, ()

where, as usual, L2 = I(I + 1). The corresponding semi-
classical approximation to the eigenvalues of (3) is ob-
tained from
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where
[P 2 = @mfA)E — V() — 2 2m) L2, (5)

and where now, owing to the Langer transformation
[71, L2 = (1 + 3)2. This transformation is connected
with the boundary conditions obeyed by the eigenfunc-
tions of radial equations [8]; it is known in the semi-
classical treatment of, e_g. the hydrogenic spectrum
[5,8,9] and the Stark effect [10]. Now, using the fact
that

T2
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=3ulr, +r, —2(r,)'71, ()
we identify

ry +ry,=—2DafE>0, (7a)
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rry = _g-! [an2 + (fl2/2m)L2] >0, (7b)

and obtain the'semiclassical eigenenergies as

Dyz
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where L2 = (I + 3)2. For g = 0 one obtains the hydro-
genic spectrum as it should be. For Kratzer’s interac-
tion (g = 1), eq. (8) reproduces the exact result (2).
The critical difference between the present calculation
and the previously mentioned ones [3,4] is that they
had L2 = I(! + 1). For the particular case discussed in
{3.4], namely for s states, their formulas incorrectly
give L= = 0. The numerics can easily be checked by
taking D = 1 and ¥2 = 50.

To conclude, it is tempting to conjecture that first-
order calculations for a generalized form of (1) dis-

cussed in ref. [11] could also be improved by perform-

ing the Langer transformation.
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