
PhysicsLettersA 172 (1993) 247—255
North-Holland PHYSICSLETTERS A

Lyapunovexponentsandreturnmaps
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MaximumLyapunovexponentsandreturnmapsarederivedfroma numericalintegrationof equationsdescribingalaserwith
intracavitysaturableabsorber.Different setsof parametersareusedin themodels.It is shownthat deterministicchaoswith a
small positiveLyapunovexponentis associatedto multibranchedreturn time returnmapswhile noisy evolution leadsto maps
with alatticestructure.

1. Introduction a modelthathasbeenpreviouslyappliedto interpret
experimentalobservations.A key featureof the cha-

The laser with intracavity saturable absorber otic behaviourpresentedby theinfraredCO2LSAis
(LSA) is a high sensitivity quantumoptical system the vibrational structureof the CO2 amplifier me-
useful for laserspectroscopyinvestigations,but pre- dium. Even thoughmostLSA modelstakeinto ac-
sentingalso a complexnon-lineardynamicalbehav- countthevibrationalstructure,theydiffer in thede-
iour. The chaoticbehaviourof the single-modeop- scription of the rotationalstructureof the absorber
erationof LSA has beeninvestigatedin different medium.In thispaperthe maximumLyapunovex-
experimentalconfigurationsbasedon an infrared ponentis derivedfor severalsetsof control param-
CO2 lasercontaining a molecularabsorber[1—4], eterson the basisof a LSA model [6] specifically
andanalysednumericallyin differentmodels[5—7] testedthrougha comparisonwith experiments[7].
andmorerecentlythrougha comparisonwith one- The returnmap approachhasbeenusedasa very
dimensionalmaps[81 andthrougha topologicalap- convenienttool for theclassificationof LSA regimes
proach [91.On the basisof thosedifferentmethods, [8]. In this paperreturnmapsarederivedfrom time-
theLSA timedependencehasbeenclassifiedascha- dependentnumericalsolutions of the LSA equa-
otic, andassociatedwith the presenceof a homo- tions,for the sameset of parametersusedin the de-
clinic orbit to a saddlecycle. On the contrary,the terminationof the Lyapunovexponents.Thetheo-
straightapproachof verifying the presenceof chaos retical returnmapsallow us to makea comparison
through a calculationof Lyapunov exponentshas with the experimentalonesreportedin ref. [8], and
beenappliedonly in a few casesmainly for models to concludethat also the experimentallyobserved
not correspondingspecifically to the experimental time dependencesare associated to positive
observations[5,10]. It is the main purposeof this Lyapunov exponents,i.e. they are chaotic. Finally
paperto presentLyapunovexponentscalculatedfor the comparisonwith the topologicalapproach,pre-

sentedin ref. [91,allows us to discusssome char-
Also atScuolaNormaleSupenore,Pisa,Italy. acteristicfeaturesof thereturnmapsassociatedto a
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homoclinic orbit to a saddlecycle via phase-space andD and D are normalisedto 1. The vibrational
Poincarésections.As animportantresultofthepres- relaxationratesof amplifier andabsorber,y and ~
ent work, we confirm that the LSA experimental are also normalisedto the cavity decayrate.Finally
chaoticsequencesfor which the topologicalanalysis the parametera is the ratio betweenthe saturation
hasbeenapplied,correspondto a caseof a smallpos- valuesof theamplifierandtheabsorber.In eq. (1a)
itiveLyapunovexponent.If a systemhasanunstable the term ç~is a Gaussianwhite noise,definedby the
orbit of low period, accordingto the classification relation <~(t)~(t’)> =2Qo(t—t’) representingthe
introduced in ref. [9], with a small positive spontaneousemissionsourcerequiredto start laser
Lyapunovexponent,an evolutionnearthe unstable action.
periodicorbit, with closereturnto its previousevo- If anadiabaticeliminationof theI~variableisper-
lution, takesplace.The organisationof suchorbits formed, the main featuresof the LSA chaoticbe-
and the identificationof the topological invariants haviourremainin thereducedthree-equationmodel
allow one to determinethe presenceof a strangeat- [6]. In thepresentanalysisusewill be mademainly
tractor [11]. of the full model,becausefor parametervaluesrel-

evanttotheexperimentalinvestigationtheadiabatic
eliminationof ii cannotalwaysbe applied.For the
first two setsof parametersof table 1, we useddi-2. LSA model and Lyapunov exponents
rectly theequationfor the evolutionof the laserin-
tensityinsteadof eq. (la) for the electric field am-

Fora two-levellaserwith adiabaticeliminationof plitude, without the noiseterm,which turns out to
the polarization,the relevantvariablesarethe elec- be not relevantfor theseparametervalues.
tric field E, or intensityTx E2, andthe population We haveinvestigatedthe LSA behaviourfor the
differenceD betweenthe lower and the upperlevel, threesetsof parameterslistedin table 1. Thefirst set
For infrared CO

2lasersoperatingon excitedvibra- of parametersis takenfrom the theoreticalanalysis
tional transitions,a third variableis requiredto de- of ref. [6], andcorrespondsto a non-periodicirreg-
scribe the populationin the other states [21, and ular time dependenceof the laser intensity,which
througha propertransformationtheequationfor the was assignedas chaotic in that analysis.Figure 1 a
thirdvariableSassumesa verysimpleform [6]. For showsthe temporalevolution of the laserintensity
the absorbermedium the populationdifferenceD 1, asderivedfrom numericalintegrationof eqs. (1)
betweentheresonantlevelsis theonly requiredvan- usinga standardfourth-orderRunge—Kuttaintegra-
able. Thus the LSA is modelledby thefollowing set tor with constantstep h=0.025. The time depen-
of equations,

Table 1
dE AD+A~+1 )E+ ~(t) , (la) Parametervaluesandinitial conditionsfor thethreenumerical

=—5(—
simulations. The parametervalues explore different chaotic

dD scenariossoasto reproducetheexperimentalobservations.
=y( 1 —D—DE

2) —c
1 (D—S) , (ib)

Parameter Set! Set II Set III

dS
= —Yi (S—D) , (lc) A 27.0 44.0 5.7

A 0.78 1.0 1.1
a 0.3 0.25948 10.0

dL~
= —~7(E—l+a1~E

2), (ld) y 0.0016 0.0008 0.0016
c 0.! 0.099 0.!

0.1 0.0998 0.1
wheretheelectricfield Ehasbeennormalisedto the ~i 1.2 0.0769 —

amplifiersaturationvalueand the time I is normal- E(0) 421/2 421/2 42

isedto the cavity decayratek, A and A’ are respec- D(0) 1/43 1/43 1/43

tively the small signalamplificationandabsorption S(0) 1/43 1/43 1/43
1/9.5 1/9.5 —

constants,also normalisedto the cavity decayrate,
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a~ tamedin anintegrationtimet,~.It appearsfromthis300- / figurethat the value of Ama,, is positiveandclearly
stabilisesto a valueof 0.006, in unitsof k,whenthe

200- largestdataset is used.

The secondset of parametersderivesfrom the
ioo. analysispresentedin ref. [41for the interpretation

A A of experimentalresults.Thetimedependencefor this
— _____ L~...~ parameterset,shownin fig. ib, is classifiedashes-

3000 3200 3400 3600 3800 4000 itationbetweenp(4) andplS) regimes.Thusthe sec-
Time ond parameterset correspondsto nearlythe central

800- b) region,assignedaschaotic,in the phasediagramof
ref. [4]. Also for this parameterset the maximum

~6OO Lyapunovexponent,determinedasdescribedabove,
turns outto bepositiveandconvergesto 0.005.

400 The third set of parametersof table 1, here in-
— 200~ I cludedmainly to havea completecomparisonbe-

I £11 I tweenLyapunovexponentsandreturntime return
0- ~ ~ maps,hasbeenalsoinvestigatedin ref. [61 forevo-
3000 3500 4000 4500 5000 lution in the (E, D, S) phasespaceand location in

Time the phasediagram.In this casean adiabaticelimi-

c) nation of the 1~variable wasapplied and a three-
is equation set wasnumericallyintegrated.The time

evolution of the laserintensity, reportedin fig. ic,

10 appears not very different from thoseobtainedfor
othersetsof laserparameters.The main difference

— 5 is thatthe presenceof spontaneousemissionnoisein
~ AI~VVMk lWM& the laserequation(1) is essentialto producean Un-

0 ~‘ u I predictableevolution of the laser intensity. In ab-
1000 2000 3000 4000 5000 senceof spontaneousemissionthe timeevolutionis

Time periodic,while for increasingvaluesof thenoise in-

Fig. 1. Timedependenceof theLSA laserintensityI, measured tensity, it becomes irregular; in particular, for
in unitsof theamplifiersaturationintensity: (a) for theparam- Q 1.75x l0—~the laserintensitytimeevolutionap-
etersetI oftable 1, (b) for theparametersetII, (c) for thepa- pearsas a mixing of plS) andp(9) pulses.This be-
rameterset III. Time is measuredin units of the cavity decay haviourof the numericalsolutionsleadsto a corn-
time, with t=0 thestartingtimefor integration. . . . .

parison with similar experimentalregimesand is
importantfor the identificationof the presenceor

denceis classifiedashesitationbetweenp(°) andp( i) notof deterministicchaos.In effect the questionof
pulses [4], i.e. an unpredictablesequenceof pulses evolutionassociatedeitherto homoclinicchaosor to
with one largepeakandpulseswith one largepeak noisepresencehas beencrucial for instancein the
followedby a small one. characterisationof the Belusov—Zhabotinskiireac-

By numerically integratingeqs. (1 a)—(1 d) for a tion [14]. OurderivationofthemaximumLyapunov
timeup to 8.0x l0~,a very largeset of datahasbeen exponent,A= —2.16x 10~for the evolutionwith-
derived.ThemaximumLyapunovexponentA~,,,,,,,has out noise andA = — 1.87)<10’~for the evolutionin
beencomputedas describedin ref. [12}. However thepresenceof the noiselevel specified above,con-
the norm wasrecalculatedat eachstepof the inte- firms the interpretationin termsof a deterministic
gration,following therequirementsof Shimadaand non-chaoticdynamicswhoseirregularityisgoverned
Nagashima[13]. Theresultfor the Am,,,,calculation by noise[6]. Moreover,theoccurrenceofa negative
is reportedin fig. 2 as a functionof thedataset con- Lyapunov exponentand the comparisonof corre-
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Fig. 2. MaximumLSA Lyapunovexponentversusintegrationtime,with 0.025 integrationstep,for parametersell of table1.

spondingreturn time return maps,will provethat be derivedfrom an embeddingspacebuilt up using
experimentalandtheoreticalreturnmapswith a lat- the usual time delaytechnique.Returntime return
tice structureare not associatedto deterministic maps (RTRMs) are much simpler to derive from
chaos. time seriesdata, becausethey do not requirethe re-

constructionof the embeddingspace.TheRTRM is
relatedto anintensityreturnmapthrougha function

3. Return maps associatingto eachpoint on the Poincarésectionof
the embeddingspace a correspondingreturn time

The derivation of one-dimensionalreturn maps [8]. If that function is monotone,henceinvertible,
from experimentaltime seriesdataandtheir corn- a one to onecorrespondencebetweenintensityand
parisonwith theoreticalones,areimportantstepsto- returntime mapsexists.In orderto derivea RTRM
wards the characterisationof a system’s dynamics from thenumericaldatafor the laserintensity,asec-
[8]. tion with I=const wasintroducedinto the time Se-

We haveappliedthederivationof returnmapsalso niesof thelaserintensity.All thetimeintervalst~be-
to the theoreticaltime seriesfor the laser intensity. tweensuccessivepointswith equallaserintensity I
One-dimensionalintensityreturnmaps (Ii, ~ ~)may and same sign of dI/dt were determined.The (ti,
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t,.~~)returnmap offig. 3a reportseachtimeinterval the peaksin the timedependentlaserintensity.
versusthe previousonefor thefirst dataset of table Themap of fig. 3a presentsonebranchwith pos-
1, using a sectionplane1= const that intersectsall itive slopeandtwo brancheswith negativeslopecon-
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Fig. 3. (a) Thecompletereturntimereturnmapwith a 1=50sectionon thetime series,asderivedfromtheparametersell. (b) Return
timereturnmapasderivedfromthenegativeslopepartsof thecompletemapin (a).
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nectedat their minimum and lying oneabovethe set of parameters,i.e. the time dependentlaser in-
other.The positiveslopebranchcorrespondsto the tensityof fig. ib, the mapsof figs. 4a and4b areob-
small peakswhile the two negativeslope branches tamed.Figure 4a reportsthe full RTRM, while fig.
are originatedby the largepeaksin the timedepen- 4b reportstherestrictedreturntimemapsassociated
dentlaserintensityof fig. 3a. Thoselargepeakscome to thenegativeslopepartsof fig. 4a.The mapof fig.
from the re-injectionmechanism;therearetwo neg- 4apresentstwo brancheswith positiveslopeandtwo
alive slope branches,oneabovethe other, because with negativeslope. Each branch is very well re-
thefunctionwhich associatespointson thePoincaré solved,with no spreadingof the points in the trans-
section with return times is multivalued, as dis- versedirection.The wholemap suggestsa complex
cussedin ref. [8]. We havecodedthesmallpeakson foldingofthe unstablemanifoldso it cannotbecom-
the positiveslopebranchwith x and thelargepeaks pared in a simple way with the usual theoreticalI-
on the negativeslopebranchwith y. We point out D mapsstudiedin ref. [8]. Maps as in fig. 4b have
thatwithin eachbranchthereis no spreadingof the alsobeenobservedin the LSA experiment,however
points in thetransversedirectionso thatthe motion theiranalysisin termsof quadratictangencywas not
of the systemcanreallybe describedby a 1 -D map. performed.Thisnumericalsimulationconfirmsthat

Forcomparison,theexperimentalLSA dataofref. also thosecomplicatedexperimentalmultibranched
[8] give rise to 1 -D return maps with only two mapsareexpressionsof a chaoticevolution,evenif
branches,onefor thesmallpeaksandonefor the large they are associatedwith orbits of more complex
ones,which correspond,respectively,to an orien- symbolicname.
tationreversingandan orientationpreservingman- Forthe thirdset of table 1, the RTRM for a 1= 10
ifold on the LSA Smalehorseshoeinducedtemplate Poincarésectionis shown in fig. 5. It mustbe corn-
[9]. Moreover, the LSA experimentalmaps show paredto the mapsof figs. 3b and 4b becauseit is
that, in mostcases,theapplicationleadingfrom the equivalentto a map restrictedto thenegativeslope
Poincarésection to the RTRM, is singlevalued. In part. In effect, a completeRTRM could notbe per-
the caseof fig. 3a instead,the presenceof the two formedin thiscasedueto thepresenceof very small
branchesmeansthatpart of the largepeakslie on an oscillationsof the intensity that could not be re-
orientation preservingmanifold and that the in- solved.It presentsa characteristiclattice-like struc-
ducedtemplatecouldbelargerthanthosederivedin ture. The samelattice-like structurehas beenob-
ref. [9]. A moredetailedstudyof this problemis now servedin all the mapsrelativeto LSA experiments
in progress. with anSF6gasabsorberand in thoserelativeto some

A returnmap (ti, t,~+,)for returntimes,derived experimentswith an0s04absorber[15]. Thepres-
fromthefull oneoffig. 3a consideringorbitsleaving ent analysis,with the determinationof a negative
andreturningonly on the negativeslopebranches, Lyapunovexponentfor the correspondingtimeevo-
is reportedin fig. 3b. The returnmap of fig. 3b may lution, confirmstheidentificationof theexperimen-
equivalentlybe obtainedif the 1= constsectioncuts tal observationswith a dynamicsof the systemgov-
only thosepeakswith larger laserintensity. erned by noise.

Maps as in fig. 3 havebeenobservedin the LSA
experimentsandalsoderivedtheoreticallyassuming
that the LSA evolution is originatedby stableand 4. Conclusions
unstablemanifolds to a limit cycle, while approach-
inga quadratictangency[81. The mapsof fig. 3 have The calculation of the maximum Lyapunov ex-
beenderivedfromthe LSA equationsfor a set ofpa- ponentandreturnmapsfor the LSA intensityfrom
rameterscorrespondingto a positiveLyapunovex- a theoreticaltime serieshasallowed a comparison
ponent.Thusthe presentanalysisdemonstratesthat with experimentalresults and an identification of
the experimentallyobservedLSA signalswith mul- experimentalobservationsas chaoticor noise con-
tibranchedmapsas in fig. 3 correspondto a weakly trolled. The positive Lyapunovexponentturns out
diverging chaoticevolution, to beverysmall,around(5—6)xl0~in unitsof the

Whenthe RTRM analysisis appliedto thesecond cavity decayrate,correspondingto a weaklydiverg-
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Fig.4. (a) And (b) asin fig. 3 for theparametersetII usinga 1=50sectionon thetimeseries.

ing chaoticdynamics.It is interestingto notice that analysisof an LSA model containedin ref. [10].
similarvery low valuesof thepositiveLyapunovex- The two main objectivesof this work are (i) to
ponenthavebeen derivedalso in the theoretical confirm that the LSA model leadsto return maps
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Fig. 5. Returntimereturnmap,asin figs. 3b and4b, obtainedfor theparameterset III usinga 1= 10 sectionon thetimeseries.

analogousto thoseobservedin the experiment,and terministicchaoswith small positiveLyapunovcx-
(ii) to show that themultibranchedand lattice-like ponentor noisecontrolledevolution.
returnmapscorrespondto deterministicchaosand
noisedrivenevolution, respectively.Both objectives
havebeenrealized.However,forwhat concernsthe
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