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We presentanalternativeprocedureto calculateKlein’s g integral.Theprocedureis free from singularitiesandallows oneto
useanystandardintegratorin thecomputationof theRydberg—Kleinturning points. Further,we discusstheimplementationof
thepresentprocedurein pocketcalculators.

Accurateinteratomicpotentialenergycurves are remarkablyaccuratepotentialcurves,particularly for
essentialingredientsto model a varietyof processes ground states [5]. An exampleof this is the com-
suchas those involving atomicand ionic collision parisonof theaccurateabinitio andthe RKR poten-
phenomena,or in the calculation of vibrational tial curvesfor the lightest moleculeH2 [6]. Quite
wavefunctionsneeded to generatereliable band- often, energiesobtainedby numericallysolvingthe
strengthparametersandFranck—Condon-typeover- Schrodingerequationwith RKR potentialsagreewith
lap integrals.In the adiabaticapproximation[11 a the experimentalvalueson which the potentialsare
diatomic system is completelydeterminedby the based[71.In more complicatedcases,when dis-
internuclearpotentialcurvesof its severalelectronic crepanciesbetweenmeasuredandcalculatedvalues
states.Therefore,the determinationof thesepoten- showup, it is possibleto use iterativeproceduresfor
tials isamongstthemostimportantproblemsof the- thecalculationof corrections[8].
oreticalspecroscopy. The basic ingredientof the RKR method is the

Nowadays, the favorite method of generating energyE(I, ic) of vibration androtation,givenas a
potentialenergycurvesfor diatomicmoleculesis the function of the classicalactionvariable I andof a
semiclassicalRydberg—Klein—Rees(RKR) method certainquantityK, equaltothe squareof theangular
[2—4].In thismethodoneconstructspotentialcurves momentumdivided by twice the reducedmass u.

from thestandardexpressionsfor thevibrationaland Fromthis,foreveryvibrationalenergyU, themethod
rotationalenergyE=E( v, J), wherev andJare the generatesa pair of turningpoints,derivedfrom an
quantum numbers associatedwith vibration and auxiliary function S(U, K). Usingclassicalmechan-
rotation,respectively.Basically, the greatadvantage ics Klein [3] showedthat
of the method is that the resulting curves depend
directly on the experimentallydeterminedenergy
levelsandnotonderivedconstants.Themethoddoes S(U, K) = (27t2~)_ 1/2 j [U—E(I, K)]”

2 dI, (1)
not dependeitheron thedissociationenergyor on o

any assumptionaboutthe form of the curve. The
RKR method is basedon the semiclassicalWKB where I’ is the value of I for which the integrand
approximation and, in spite of this, produces vanishes.Quantizationof vibrationalmotion andof

the angularmomentumare taken into accountby

Presentaddress: Departamentode Fisica da UFSC, 88049 replacing I and K by their quantumcounterparts,
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upperlimit of integration.Thelower limit Vmjn isthe
1= (v+ ~)h~ (2a) valueof v correspondingto the potentialminimum.

K =J(J+ 1 )h2/8it2~i, (2b) As is trivial to see from eqs. (1) and (2a),
Vmin = — 1/2. However,it waslaterfound [9, 10] that

whereh is Planck’sconstant.As shownby Klein, the
an improvementof the potential curve could beminimum (r_) and maximum (r+) interbarionic obtainedby taking [11,12]

separationfora moleculevibratingwithenergyU are

r±=(f2+f/g)U2±f, (3) v~j~=—~—Y
00/g1, (11)

where
where

as as Yoo=~(g2+bi)—1
1~gib

2/bif=~-~,g=~—. (4) +~(g,b2)
2/b~. (12)

Rotationlesspotentialcurvesrequire Whenusing this Vmjn the energy level is given by

as I as I E=G(v)+Y
00 insteadof G(v).

— (5) As discussedin a plethoraof papers,the crucial
K0 aK L=0

point in calculatingRKR potentialcurveshasbeen
We shall now briefly considerthe practical pro- the evaluationof theimproperintegralsf andg. The

ceduresavailable for constructing (rotationless) reasonfor this is the aforementionedsingularity.To
potentialcurves.To simplify the notationwewrite overcomethis problemavarietyof methodshasbeen
the standardexpressionsfor the vibrationalenergy developed(for specificreferencesseeref. [13]; more
G(v) andthe rotationalconstantB(v) in termsof recentworks are quotedby Kaminsky [14]). In
experimentallyobtainedspectroscopicconstantsg• essence, these methodsare based on effectively
andb• definedby removingthesingularitiesfromtheintegrands.In this

task the quadraturemethod of Gaussprovedvery
‘U

G(v) = ~ g(v+ fl’ , (6) effectivebecauseit doesnot requireevaluationof
the integrandat the limits of integration.In fact,
nowadaystwo widelyusedprogramstogenerateRKR

B(v)= ~ b,(v+~)’~. (7) potentialcurves are basedon gaussianquadrature.
1= I

Oneof them is theprogramof Zare [151 which uses
Insteadof Klein’s U, givenvibrationallevel vwill be the Gauss—Legendrequadrature.The other widely
nowcharacterizedby themorefrequentlyusedsym- used program is that of Tellinghuisen [121, who
bol E (~G(v)). found w(x)=(1—x)~’

2to be a betterweight func-
To ourbestknowledge,all presentlyavailablepro- tion thanw(x)= 1 usedby Zare.Both programsare

ceduresto obtainf andg involve evaluationof the basedon suitable particular casesof the general
improperintegrals quadratureknown as Gauss—Mehler quadrature

[12,16].

f= k J [E—G(x)] — 1/2 dx, (8) While all practicalproceduresavailabletoday to
obtainf andg arebasedon evaluatingsingularinte-

VflVfl

v grals, a casecanbe madethat the original formu-

g=-j~J B(x)[E—G(x)]”2 ~ (9) lation of Klein involvesonly one integral,given by
eq. (1), which is notat all singular.The partial dif-

V~,,jn

ferentiationof, say,a function P(E) with respectto
where a parameterE canbe approximatedby

k=(h/8n2c~)”2, (10) aPP(E+c)—P(E) (13)
aE~ �

c being the speedof light. The aboveintegralsare
improper becausethey are clearly singular at the wheree is a small number.The approximationwill

291



Volume 124, number4,5 PHYSICSLETTERSA 28 September1987

bequitea goodoneif P(E) issensitiveto slightvan-
ationsof E. Anyonewho triesto useKlein’s eqs.(4) Q(E)= J B(x)[E— G(x)] 1/2 dx. (17)
or (5) in conjunctionwith eq. (13) to getf andg
soonlearnsthat it generatesveryaccuratefbut very
poor g values. This might perhapsexplain the gen- Theseequationsare the main resultsof the present
eral preferencefor first performinganalytically the paper.Thebasic difficulty with Klein’s formula for
parametricderivates,evenat the priceof havingto g is thatas/aK is practicallyconstantfor smallvan-
dealwith singular integrals. ations of K. An accuratedeterminationof as/aK

The purposeof this letter is to point out thatby thereforerequiresa knowledgeof Swith an exceed-
introducinganothernon-singularauxiliary function ingly large numberof significant digits for the dif-
(similar to Sin eq. (1)) it is possibleto calculateg ferencein eq. (13) to give reliableresults.Being a
from a different parametricderivative than that functionof theenergy,our ~Q/~Ecanbeevalutated
originally proposedby Klein. In contrastto the for- much moreeasily.
mulaofKlein, our equationproducesaccurateg val- In table 1 we compareturningpoints r_ andr÷
uesandcanbe usedasan alternativeand efficient obtainedby usingeq. (15) with the corresponding
methodto generateaccuratepotential curves. The rmjn andrmax calculatedby Tellinghuisen[121 for the
biggestadvantageof working with parametricdeny- B stateof 12 andthe X stateof CO. For ‘2 the num-
ativesis that one dealswith non-singularintegrals, bersbasically agreeto 5 significant digits while for
beingthereforefree to useany quadraturemethodin CO 4 digit accuracyis easilyachieved.In calculating
the computationoff andg. Thus, insteadof having our turningpointswe used the samespectroscopic
to worry aboutproperweight functionsandto com- constantsasTellinghuisen.Accordingly,the Yoo cor-
puteand/orstoreweightsandabscissae,onecanuse rectionwastaken into accountfor CO andomitted
any standardintegrationroutine as,e.g. thosecom- for 12. Although the nuclearmassesof both mole-
monly available in computerlibraries. In calcula- culesaregiven by Tellinghuisenwith no less than 6
tions to be discussedbelow, we useSimpson’srule digits,the exactvalueofkusedbyhim (cf. eq.(10))
to achieve results of similar accuracy to those remainsunknownto us since the actualnumerical
reportedby Tellinghuisen[12]. Anotherapplication constantsinvolvedwerenotgivenandwe do nothave
to be discussedbelow is the implementationof the a copyof his program.Following our previouswork
presentmethodinprogrammablepocketcalculators. [171, we took h/8it c = 16.8575 giving

Theworkingequationsof thepresentapproachare k= (16.8575/63.45220)1/2 for 12 and
basedon the identity k= (16.8575/6.85621)112 CO.TheintegralsP(E)

and Q(E) wereevaluatedusingSimpson’srulewith
a doubleprecisionversionof the routine SIMP of

j a(x) [E—b(x)] — 1/2 dx Davis andRabinowitz [181, settingthe error toler-
a anceparameterto 10~11.All calculationsweredone

a in doubleprecision(16 significantdigits) onan IBM
=2~j-Eja(x)[E—b(x)J”2 dx. (14) 4341 at the University of Florianopolis.The num-

a bersin table 1 were obtainedwith �= l0~in eq.
(13), althoughroughly thesamevaluesareobtained

This trivial identity allows one to castfandg as using �= 10—v or 10~6Thesevaluesof � are quite
modest and can be used for calculations in the

f=2kaP/aE, g=(2/k)aQ/aE, (15) majority of computersavailable today. More accu-
rateresultsareto be expectedfor calculationswith

where smallervaluesof � on front-line computerslike the
CRAY, for instance,or from extrapolationsto the

P’E~—I FEG(x)1112 ~ (16) limit �—~0.In table lit is also importantto observe
/ — L ‘ that for v= 85 the numbersgiven by Tellinghuisen

Vn,,n for 12 are valuesfor which thealgorithmof integra-
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Table I
Comparisonof theRydberg—Kleinturningpointsr+ asobtainedfromeqs. (3), (13) and (15) with ~ and r,,,

1~calculatedby Telling-
huisen1121. Theupperpartof thetable(v=0—85)refersto 12 while thelowerpart referstoCO.

v 2f r_ rr,,in—r_ 20g r~ ~

0 0.13018 2.96304 0.00004 0.14204 3.09322 0.00005
5 0.44403 2.84399 0.00004 0.47484 3.28802 0.00005

10 0.63228 2.78859 0.00004 0.66281 3.42087 0.00005
15 0.79460 2.74977 0.00002 0.81529 3.54438 0.00003
20 0.94984 2.72038 0.00004 0.95133 3.67022 0.00005
25 1.10775 2.69777 —0.00001 1.07900 3.80552 0.00001
30 1.27584 2.68023 0.00003 1.20327 3.95607 0.00005
35 1.46141 2.66685 0.00000 1.32742 4.12826 0.00002
40 1.67291 2.65662 0.00003 1.45446 4.32952 0.00006
45 1.92117 2.64897 0.00001 1.58694 4.57014 0.00004
50 2.22135 2.64320 0.00007 1.72760 4.86455 0.00013
55 2.59625 2.63910 0.00003 1.87908 5.23535 0.00013
60 3.08287 2.63627 —0.00000 2.04472 5.71914 0.00009
65 3.74661 2.63447 0.00002 2.22870 6.38108 0.00015
70 4.71851 2.63330 0.00008 2.43730 7.35181 0.00018
75 6.31120 2.63140 0.00001 2.68202 8.94260 0.00027
80 9.52926 2.62294 —0.00003 2.98962 12.15219 0.00042
85 18.77917 2.62208 0.00011 3.34650 21.40126 0.00173

0 0.09546 1.08330 0.00003 0.74758 1.17877 —0.00002
2 0.21566 1.03422 0.00002 1.66836 1.24989 0.00002
4 0.29239 1.00708 0.00005 2.23425 1.29947 0.00007
6 0.35521 0.98722 0.00003 2.68029 1.34243 0.00004
8 0.41065 0.97127 0.00005 3.05948 1.38192 0.00006

10 0.46149 0.95794 0.00003 3.39401 1.41943 0.00006
12 0.50923 0.94642 0.00004 3.69635 1.45565 0.00009
14 0.55483 0.93628 0.00007 3.97418 1.49111 0.00010
16 0.59886 0.92727 0.00007 4.23185 1.52613 0.00010
18 0.64175 0.91916 0.00008 4.47300 1.56091 0.00011
20 0.68382 0.91176 0.00013 4.70051 1.59558 0.00019
22 0.72539 0.90527 —0.00009 4.91396 1.63066 —0.00003
24 0.76657 0.89916 —0.00013 5.11813 1.66573 —0.00001
26 0.80782 0.89312 0.00023 5.31766 1.70094 0.00023
28 0.84939 0.88824 —0.00014 5.50326 1.73763 —0.00056

tion did not converge.This might perhapsexplain beenableto generateonevalueoff or g every2.5 to
the relativelylargedifferencesat this level, specially 3.5minutesofcalculation.In thisway it waspossible
betweenrmax andr~.Part of the remainingdiffer- to achievean accuracyof basicallythreesignificant
encesfor all otherlevels couldperhapsbe explained digits wit almost no more additional effort than
as due to the uncertaintyin k as discussedabove, neededto computeG(v) andB(v). We find this quite

Beingfree to useany integrator,we calculatedthe remarkable.This meansthatsomefuturegeneration
sameRKR turningpointsusingthe built-in integra- of scientificpocket calculator,operatinga little bit
tor of an HP-l5C programmablepocketcalculator. fasterandwith moresignificant digits,will makethe
This calculatorhasa 10-digit displayand,unfortu- computationof RK.R curvesnotmuchmoredifficult
nately,theuser’smanualdoesnotmentionwhattype than the evaluationof a polynomial anda square
of integratorit uses.Fixing the displayto 6 signifi- root.
cant digits (therebyfixing a compromisebetween
accuracyandtimelimit for thecalculations)we have The author is a researchfellow of the Brazilian
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